We propose a supersymmetric SU(5) ′ × SU(5) ′′ model, where the quarks and leptons live in a U(1) product group theory space that is compactified on the real projective plane RP 2 .
There are many reasons why the Standard Model (SM) should be extended. The chief examples to which the SM does not provide any answer are the gauge hierarchy problem, charge quantization, and the origin of fermion masses and mixings. Supersymmetry (SUSY) and four-dimensional (4D) Grand Unified Theories (GUT's) give partial solutions to the first two of the above problems but not to the latter. To understand the observed pattern of fermion masses and mixing angles, it seems therefore necessary that a new ingredient must be added, which allows to distinguish between the generations in a controlled way. For this purpose, one usually advocates a flavor symmetry. Generally, models based on continuous non-Abelian flavor symmetries are highly dependent on the details of the flavor symmetry breaking, without referring to deeper underlying dynamics. The models using an Abelian flavor symmetry, on the other hand, have as a common feature that the three generations carry different charges. At least from a bottom-up point of view, however, generationdependent charges seem to be somewhat contrary to the spirit of GUT's, wherein the ad hoc assignment of hypercharges to the quarks and leptons is explained.
In recent years, higher-dimensional theories opened up new possibilities along this direction [1, 2] . For example, instead of assuming that the quarks and leptons carry generationdependent charges under a flavor symmetry, the generations might be distinguished by their position in an extra dimension. A hierarchy of Yukawa couplings could then arise from the overlap of the spatial wave-functions of the matter fields in the extra dimension [3] . It would now be interesting to simulate or reproduce this higher-dimensional mechanism in a conventional 4D field theory, which is manifestly gauge-invariant and renormalizable. This can be achieved by employing the idea of dynamically generated extra dimensions, called deconstruction [4, 5] . In deconstruction, 1 one considers the extra dimensions as an infrared effect of an ultraviolet complete theory described by a product of 4D gauge groups Π i G i . The deconstructed dimensions are represented in a "theory space" [7] , where the gauge groups G i correspond to "sites" that are connected by "links", like in a transverse lattice gauge theory [8] . Such a view of extra dimensions has rich theoretical and phenomenological implications covering studies in different directions and energy scales. These studies include, for example, electroweak symmetry breaking [9] , GUT-type of models [10, 11] , supersymmetry breaking [7, [12] [13] [14] , and fermion masses and mixings [15] [16] [17] . 2 Yet, a realistic deconstructed model, which gives all the observed fermion masses and mixing angles in the framework of a GUT, has not been proposed so far. This is the aim of the present paper.
The 4D product GUT's which exhibit a higher-dimensional correspondence via deconstruction, have the advantage that dangerous proton decay operators can be easily suppressed by discrete symmetries. The doublet-triplet splitting problem, for example, can be solved in a model proposed by Witten [10] , which is based on a 4D SUSY SU(5) product GUT that is obtained from deconstruction. In the present paper, we extend this model by a U(1) N theory space. The different generations of quarks and leptons populate this space and are located at different sites in such a way, that the fermion masses and mixings emerge naturally. A simple linear structure of the product group space, corresponding to a single extra dimension, seems to be too restrictive to account for the entire fermion mass and mixing pattern of the SM.
Therefore, we start instead with a deconstructed two-dimensional disk, which can be part of an even larger structure, the so called "spider web theory space" introduced in Ref. [7] .
It was shown in Ref. [7] , that when the spider web theory space is converted into the real projective plane RP 2 , supersymmetry breaking can be viewed as arising from a topological obstruction due to a nontrivial first homology group H 1 (RP 2 ) = Z 2 . In spider web theory space, one can therefore simultaneously account for SUSY breaking and the generation of fermion masses and mixings.
To ensure the consistency of our model, we have to address the anomalies associated with the enlarged gauge symmetry in four dimensions. Anomaly-cancelation in theory space has been previously discussed in Refs. [14, 16, 23, 24] . The cancelation of the anomalies is generally carried out by introducing appropriate Wess-Zumino terms [25] , which represent non-decoupling effects of heavy fermions in the low-energy theory. We apply this approach to our spider web theory space. In addition, we examine the continuum limit of Chern-Simons terms, which, however, do not contribute to the anomalies. instantons [20] , gravity [21] , and calculable models of the "landscape" of string vacua [22] .
It has been proposed by Witten, that the doublet-triplet splitting problem can be solved in an 4D SUSY SU(5) ′ × SU(5) ′′ product GUT model, which arises from deconstruction [10] (a similar approach has been given earlier by Barbieri et al. [26] ). In this section, we will build upon this setup and extend it to a model, which reproduces the observed fermion masses and mixings. We will first begin in Sec. 2.1 with a brief review of the known solution to the doublet-triplet splitting problem, which we then take in Sec. 2.2 as a starting point for introducing our model of quark and lepton masses.
Doublet-triplet splitting in
SU (5) ′ × SU (5)
′′
Following the doublet-triplet splitting mechanism proposed by Witten and Barbieri et al., 
i.e., the Higgs superfield that gives masses to the up quarks transforms under the funda- 
where the subscript i = 1, 2, 3 is the generation index. In other words, we suppose that the SM quarks and leptons are in non-trivial representations of the first factor SU(5) ′ and singlets under SU(5) ′′ . Notice in Eq. (2), that we have completed each generation by one "right-handed" (i.e., SM singlet) neutrino required to obtain small neutrino masses via the type-I seesaw mechanism [27] . Since the down quark and charged lepton masses can thus only emerge from non-renormalizable operators, this may provide a reason why the down quarks and charged leptons are generally lighter than the up quarks. Apart from this generic property, however, it would be desirable to have in this model a more complete understanding of the observed masses and mixings of quarks and leptons. For this purpose, we will in the next section attempt to associate the observed fermion masses and mixing angles with the coupling of the Higgs and matter fields in Eqs. (1) and (2) to the theory space of a deconstructed U(1) symmetry.
U (1) theory space
To address the fermion mass hierarchy in the model reviewed in Sec. 2.1, we will assume that the matter fields "live" in a U(1) product group theory space, which describes a deconstructed manifold. The fermion mass hierarchy arises from placing the different generations in Eq. (2) on distinct points in the deconstructed manifold. Although there may be many possibilities, we will first confine ourselves to a theory space, which is topologically a two-dimensional disk. The reason for our choice is that a supersymmetry breaking mechanism can be made readily available in such a theory space [7] . We comment on a possible implementation of this idea in our model at the end of this section. Our deconstructed manifold is conveniently represented by the "moose" [28] or "quiver" [29] diagram in Fig. 1 , which describes a spider web theory space, that is topologically equivalent with a two-dimensional disk. The center of the spider web theory space is surrounded by k concentric circles. Each such circle is defined by N sites and each site i, where i = 0, 1, 2, . . . , kN, symbolizes one G i ≡ U(1) i gauge group. The total gauge group of our model is therefore SU(5)
where
For definiteness, we have in Fig. 1 depicted the case k = 2 and have explicitly labeled only the sites in the inner part of the disk. When compactifying the disk later on the real projective plane RP 2 , we will require that N = 4m, where m is 
Henceforth, we will refer to the field theory defined by our spider web theory space also as the "U(1) theory space" of our model.
Let us now describe how the three generations are incorporated in our theory space.
We suppose that each generation in Eq. (2) is put on a separate site (see Fig. 1 ): the first generation "lives" on site 1, the second on site 5, and the third on site 0 in the center of the disk.
3 This is achieved by giving the first, second and third generations nonzero U(1) charges exactly under the gauge groups U(1) 1 , U(1) 5 , and U(1) 0 , respectively, while we assume that they are singlets under all the other U(1) factors. Next, we have to specify on the three sites the U(1) charge assignment to the matter fields within each generation. We choose the U (1) charges for the fermions in each generation to be compatible with SO(10) as follows
where the parenthesis contains the the corresponding U (1) At this point, it is important to emphasize that we employ in Eqs. (3) the SO(10) branching rules only as a mere guideline or organizing principle for the U(1) charge assignment to the multiplets in Eq. (2). Our model does therefore not possess an actual SO(10) gauge symmetry (for recent flavor discussions in SO(10) models see, e.g., Ref. [30] ). Choosing the SO(10) branching rules as a prescription for the U(1) charge assignment, however, has several attractive features. One obvious advantage is, e.g., that the quark and lepton sectors are automatically anomaly-free, such that the discussion of anomalies is restricted to the Higgs and link fields only.
One major feature of our model is that the fermion mass hierarchy is due to the "location"
of the different generations on distinct points in theory space (up to the overall sign ambiguity of the U(1) generators [cf. Eqs. (3)]). This is different, e.g., from usual anomalous U(1) models [31] (for recent related works see, e.g., Refs. [32, 33] ), where the fermion mass hierarchy is understood in terms of flavor-dependent charges under a single U(1). Notice, that the U (1) charge assignment in Eqs. (3) resembles a gauged B −L symmetry [34] , whose deconstruction has been discussed in Ref. [16] .
Next, let us consider how the Higgs fields in Eq. (1) In order to break U(1) diag , which is not observed at low energies, we assume a single vectorlike pair of chiral superfields f and f , which resides on the center of the disk. The fields f and f are charged under U(1) 0 as +1 and −1, respectively, and are singlets under all the other U(1) and SU(5) gauge groups. In what follows, we will suppose that the scalar components of the fields f and f acquire VEV's f ≃ f ≃ φ i,j ≃ v, i.e., it is assumed that all U(1) i symmetries including U(1) diag are broken around the same scale v.
As mentioned earlier, we have an interesting possibility of supersymmetry breaking in spider web theory space. Supersymmetry breaking can be implemented in a number of different ways for our case. Among these we find the mechanism discussed in Ref. [7] to be attractive and unique in deconstruction. In the remainder of this section, we will briefly comment on this mechanism.
In Ref. [7] , different types of theory space are shown to preserve supersymmetry only locally, viz., the interactions on each plaquette are manifestly supersymmetric. If, however, the topology of theory space has a nontrivial first homology group, supersymmetry breaking can be seen as a topological effect. A deconstructed manifold with this property can, e.g., be obtained from the disk in Fig. 1 , when we identify diametrically opposite sites and links on the boundary, which yields a real projective plane RP 2 with first homology group Z 2 (this requires in our case N = 4m, where m is some integer). The phase differences between the gauge couplings g i associated with the gauge groups U(1) i and the corresponding gaugeYukawa couplings h i = g i e iθ i for the interaction ∼ h i ψ † λ i φ (where ψ and φ denote the fermionic and scalar components of a link field connected to the site i with gaugino λ i ), can be removed separately in each plaquette by field redefinitions. In this sense, supersymmetry is preserved "locally". Globally, however, there can remain one phase in the product of all the couplings h i , which cannot be rotated away. On RP 2 , this phase is either +1, which will lead to exact global supersymmetry, or −1 for maximal supersymmetry breaking [7] . The phase being −1 rather than arbitrary, as it would be the case on a circle, can be considered matter multiplets on the disk, these terms may be renormalizable or non-renormalizable.
The mass of the top-quark, e.g., emerges from the gauge-invariant renormalizable operator 
where the dots denote negligible higher-order terms and where we have not explicitly written the different Yukawa couplings of order one. When all the link and site fields φ i,j and f acquire their VEV's around the deconstruction scale v, the up quark mass matrix is then given by the well-known texture
where we have introduced the small symmetry-breaking parameter ǫ ≡ v/Λ ≃ 0.2. Since the texture in Eq. (5) can already fully account for the observed CKM angles, the down quark mixing should not become too large in order to avoid conflict with experiment. As we will see in Sec. 3.2, the mixing in the down sector does indeed not exceed the up quark mixing.
Down quark and charged lepton sector
The construction of the down quark and charged lepton Yukawa coupling terms goes along the same lines as for the up quarks in Sec. 
where the dots denote irrelevant higher-order operators and where we have not explicitly written the Yukawa couplings of order one. In Eq. (6), the scale Λ ′ is related to the GUT-
factor to the down sector parameterizing tanβ and thus plays no role for the flavor structure.
When Φ + and Φ − acquire similar VEV's Φ + ≃ Φ − ∼ M GUT , the mass matrix of the down quarks and charged leptons takes the form
where the rows and columns are spanned by the (10, 1) i and (5, 1) j , respectively, and where we have a moderate tanβ ≡ H / H ∼ 10. In total, one therefore obtains for the quark and charged lepton mass ratios
The CKM angles are of the orders
In Eq. (7), we observe that the charged lepton mixing angles are ǫ 3 . The large leptonic mixing angles must therefore be almost entirely generated in the neutrino sector. The neutrino masses and mixing angles will be discussed now.
Neutrino masses
Following the generic approach put forward in Ref. [17] , we shall relate the absolute neutrino mass scale to the deconstruction scale via a dynamical realization of the type-I seesaw mechanism, where the inverse lattice spacing ∼ v is identified with the usual B − L breaking scale v ≃ 10 14 GeV. To leading order, the total effective 3 × 3 neutrino mass matrix M ν can thus be written as 
where we have only written the subrepresentations relevant for M ν . The (1, 1) H couples to the right-handed neutrinos via a renormalizable term (1, 1) H (1, 1) 2 (1, 1) 2 , thereby supplementing M R with an additional parameter. Choosing (1, 1) H ≃ ǫ 7 v, the effective neutrino mass matrix comes to the familiar form
Taking ∼ 4 × 10 −2 eV as the heaviest active neutrino mass, we find from Eq. (10) for the deconstruction scale a value v ≃ 10 14 GeV, which is of the order the usual B − L breaking scale. In its present form, however, the 2-3 subblock of M ν in Eq. (10) has a determinant which is much smaller than ǫ, so that the solar mixing angle would be close to maximal.
In order to obtain a large but not maximal solar mixing angle, we can invoke the type-II seesaw mechanism [36] , which provides a contribution of order ∼ ǫ to the 2-3 subblock of M ν 
and (15, 1) H (−6), respectively, but which are singlets under all the other U(1) i gauge groups (for a discussion of phenomenological implications see, e.g., Ref. [37] ). The U(1) 0 charges of these Higgs fields are SO(10) compatible, as can be seen from the branching rule in Eq. (9), by replacing the gauge group U(1) 5 by U (1) GeV, then the total effective neutrino mass matrix M ν can assume a similar form like in Eq. (10), with the difference that the determinant of the 2-3 subblock is now of the order ∼ ǫ. For our choice of parameters, the model can thus lead to a normal active neutrino mass hierarchy
where m 1 , m 2 , and m 3 are the active neutrino masses with solar and atmospheric mass squared differences of the orders ∆m 
Anomaly Cancelation
Although the SO(10) compatible U(1) charge assignment to the fermions in Eqs. (3) is anomaly-free, the Higgs field sector in its present form would contain anomalies. Note that, in our spider web theory space, any Higgs superfield with anomalous coupling is either a link field φ i,j or must be situated as a site variable on a single site. The anomalies coming from these site variables may be directly canceled by simply adding in a standard fashion extra fields on the sites where they reside. In contrast to this, we shall now consider the possibility to cancel the pure and mixed anomalies associated with the link fields φ i,j without introducing any new fields in the low-energy effective theory.
First, we will discuss the pure (i.e., non-mixed) and gauge-gravitational anomalies. When the topology of the spider web theory space in Fig. 1 is that of a disk, the link fields φ i,j would give rise to pure and gauge-gravitational anomalies on each site of the boundary.
Interestingly, these anomalies are completely eliminated, when the spider web theory space is, instead, compactified on the real projective plane RP 2 . Observe that the removal of the pure and gauge-gravitational anomalies by compactifying on RP 2 relies in an essential way on our requirement to have a definite orientation for each small plaquette in Fig. 1 . The compactification on RP 2 alone, however, does not remove the mixed anomalies induced by the link fields.
Now, let us discuss the cancelation of the mixed gauge anomalies. To this end, we add
Wess-Zumino (WZ) terms [25] , which can be viewed as emerging from integrating out heavy fermions with large Yukawa couplings. The mass scale of these extra fermions is one or two orders of magnitude above the inverse lattice spacing v ∼ 10 14 GeV. In doing so, we follow Refs. [14, 23] , wherein the case of a deconstructed fifth dimension has been analyzed.
Let us consider in Fig. 1 a site i = 0 which is not in the center (a similar argumentation holds for i = 0). The site i is connected to its four neighboring sites j 1 , j 2 , j 3 , and j 4 by the link fields φ i,j 1 , φ i,j 2 , φ j 3 ,i , and φ j 4 ,i . Note that φ i,j 1 and φ i,j 2 point from i to j 1 and j 2 , while φ j 3 ,i and φ j 4 ,i point from j 3 and j 4 toward the site i. The directions of the link fields are a result of the property of our theory space, that two neighboring small plaquettes have alternating orientations. Under an infinitesimal chiral gauge transformation on the site i, the vector multiplet V i belonging to the gauge group U(1) i transforms as 
where W α,i denotes the supersymmetric field strength of the gauge group U (1) remove the mixed anomalies δ Λ i L link in Eq. (12), we add to our model the WZ terms
where C 1 and C 2 are some suitable parameters. In Eq. (13), the terms with factors C 1 and C 2 match in the continuum limit onto six-dimensional (6D) Chern-Simons couplings, when taking the sum of these operators around a plaquette. To see this, let us consider the quadratic plaquette shown in Fig. 2 as a part of the spider web theory space, which is spanned by the sites i, j, k, and l. From Eq. (13), we find that the sum of all terms with factors C 1 and C 2 , which correspond to the plaquette, is given by
where we have indicated in the last line a cyclic permutation of the four sides of the plaquette.
We parameterize the link fields attached to the site i as
where A 5 and A 6 are the 5th and 6th components of the U(1) gauge field of the 6D theory.
Expanding around the site i, the term L ijkl CS in Eq. (14) matches in the continuum limit onto
which reproduces the 6D Chern-Simons term of the detailed gauge boson spectrum, which is beyond the scope of this paper. Since in our particular fermion mass model the universal inverse lattice spacing is fixed by the neutrino sector to be of the order v ∼ 10 14 GeV, a straightforward way to arrive at a large N limit would be to extend the exterior of the disk in Fig. 1 by simply adding extra quadratic plaquettes to the boundary.
Generally, we wish to point out that the cancelation of the pure and gauge-gravitational anomalies allows also different ways to organize the orientation of the link fields. Consider, for instance, a compactification of the the spider-web theory space on RP n with n > 2 and even, by partitioning the boundary into n equivalent line segments that are identified under a rotation of the disk by an angle 2π/n. We can arrive in this case at a similar phenomenology of fermion masses, when in Fig. 1 all links on the concentric circles point, e.g., in clockwise direction while all the radial links within each of the n segments of the disk point either inward or outward but alternate between two adjacent segments.
Finally, one can ask whether our model is embedable into a string construction as suggested by quiver gauge theories [29, 39] . Recent advances in the AdS/CFT correspondence [40] show that infinite classes of 4D N = 1 SUSY quiver gauge theories can be viewed as a stack of D3-branes probing a singular Calabi-Yau manifold. For our specific model, however, such embeddings remain to be seen.
In this paper, we have presented a model, wherein the observed fermion masses and mixing angles emerge from a deconstructed U(1) theory space. We have extended a supersymmetric SU(5) ′ × SU(5) ′′ product GUT, which has been previously suggested for solving the doublet-triplet splitting problem [10, 26] , by a deconstructed U(1) theory space with disk structure. The different generations of the SM fermions live at different sites of the disk.
Upon breaking the U(1) product group by the link fields around the B − L breaking scale v ≃ 10 14 GeV, the effective Yukawa couplings and mixing matrices of the fermions are correctly reproduced through non-renormalizable operators. The U(1) charge assignment to the fermions is compatible with SO(10) and, thus, free from anomalies. This is a major difference compared to usual, e.g., anomalous U(1) models, where the SM generations differ by flavor-dependent charges, which appears to be somewhat adhoc from a bottom-up point of view. The neutrino mass matrix receives contributions from both type-I and type-II seesaw mechanisms. Among many possibilities, we have advocated the supersymmetry breaking scenario of Ref. [7] , which is unique to deconstructed models. To do so, the original disk theory space is thought to be part of a larger structure, viz., a spider web theory space.
When diametrically opposite sites and links on the boundary of this space are identified, we arrive at an RP 2 manifold with nontrivial first homology group Z 2 . The interactions on each plaquette are here required to be manifestly supersymmetric. The nontrivial global twist of RP 2 can be viewed as the source of supersymmetry breaking. Thus, both the fermion mass matrix structures and supersymmetry breaking can now be addressed in the same theory space, which we find interesting and economic. The choice of the charges for the link fields, which defines a direction for the links connecting two sites, is such that neighboring plaquettes have alternating orientations. As a consequence, all the sites have the same number of "ingoing" and "outgoing" link fields. This arrangement insures that the contributions to the pure and gravitational anomalies on each site vanish automatically. We cancel the mixed anomalies, along the line of Refs. [14, 23] , by Wess-Zumino terms, which can be considered as a result of integrating out heavy fermions with masses one or two orders of magnitude above the B − L breaking scale. We have examined possible Chern-Simons terms on a rectangular plaquette, which nevertheless do not play a role in the anomaly cancelations, and have shown that they have a correct 6D continuum limit.
It would be clearly interesting to develop descriptions of our model based on gauge groups like SO(10) or E 6 with a universal GUT/deconstruction scale. In possible variations of our model one could (as proposed, e.g., in Ref. [16] ) also think of shifting anomalies between the gauge groups using a deconstructed version of the anomaly inflow mechanism known from string theory [41] .
